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Theory of Cylindrical Sandwich Shells with Dissimilar Facings
Subjected to Thermomechanical Loads
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A theory is outlined of sandwich box-type composite shells designed to withstand a combination of thermal load-

ing, internal pressure, torsional and axialloads. A cross section of the shell represents a rectangular box with curved
cylindrical sections at the corners. The facings of the shell are dissimilar to maximize their efficiency, according
to the loads acting on each facing. This approach enables a designer to optimize the structure by maximizing the
load-carrying capacity or minimizing the weight. The formulation includes the following developments: 1) global
theory of a sandwich shell composed of rectangular and cylindrical sections, where equations of motion are formu-
lated based on a first-order shear deformable version of Sanders’s shell theory; 2) theory for local deformations
and stresses in the facings, where the facing is treated as a thin geometrically nonlinear plate or shell on an elastic
foundation using von Karman’s approach and the elastic foundation represents a support provided by the opposite
facing and the core; and 3) an outline of an enhanced micromechanical constitutive formulation based on the
incorporation of the effect of the thermomechanical coupling on the material properties and temperature.

Nomenclature &), & = extensional strains of reference surface
Aij, Bij, Dj; = extensional, coupling, and bending K, Ky, Ky = chz_inges of cgrvature and twist
stiffnesses, respectively v = Poisson’s ratio
C, = specific heat at constant stress P = mass density )
E, = modulus of elasticity of matrix Pos P1, P2 = inertial coefficients in shear-deformable
h = total shell thickness formulation
hgp (i =1,2),h. = thicknessesof facings and core Yes Wy = rotations about in-surface axes
ki(i=1,2,3) = stiffness coefficients of nonlinear elastic Subscri s .
foundation ubscripts and Superscripts
ks, kss = shear correction factors f = fiber
M, M, M,, = stress couples m = matrix
Ny, Ny, Nyy = in-surface stress resultants
p = normal pressure Introduction
Qi) f transformedhreduced st1ffnelsses EVELOPMENT of advanced composite structures for aero-
Igm 0, = tre}gsﬁlerse; ear-sgessresu tants space applications has placed sandwich configurations at the
= middie surface radius leading edge of new technologies. In particular, a sandwich fuse-
s = sum of principal stresses 1 desi t : t t worth i tioati
T — temperature (in excoss of a reference thermal age design represents an innovative concept worth investigating.
- P " lue) Examples of applications of sandwich structures include helicopter
T T _ siress- ree value ( dd fuselages, Beech “Starship” and Raytheon “Premier I” airplanes.
gw> 150 = glass trte'mslm)on temperatures (wet and dry, Although circular cylindrical shells have been the primary issue in
_ f especf 1vely d disol sandwich-shellresearch, alternative shapes may present advantages
v, w - l(r.l-stuhr adc.e anf transverse): 1splacements because of a higher useful volume capacity. In the present paper a
mnthe directions x, y, z . box-type sandwich structure is considered (Fig. 1). The loads can
V; = volume fraction (fiber: i = f or matrix: . . . .
i —m) include torsion, axial stresses, and pressure as well as a nonuniform
N _ ! _mf dinates (axial and thermal field.
4 = mn-surlace coordinates taxial an The studies of shell sandwich structures have been under-
circumferential, respectively) . . .
. . taken by numerous investigators. Mentioned here are the papers
z = transverse (radial) coordinate counted from . 12 e s 3 4
. of Reissner, '~ Bieniek and Fruedenthal,” Baker and Herrmann,
the middle surface of shell or from the 5 6 . 7 .
. . Kollar,” Greenberg et al.,” and Frostig.” In particular, the latter
middle surface of facing . . .
g . paper contains a review of work on curved sandwich panels and
Oy, Oy, Uy = coefficients of thermal expansion . . .
. . shells. A comprehensive review of the issues related to mechan-
ag = coefficient of thermal expansion (at reference . L . 3
ics of sandwich-shells has recently been published by Noor et al.
temperature and at zero stress) . N
o . Usually, researchof sandwich-shellsconcernscylindricalor shallow
v = shear strain of reference surface . . .
* p configurations. The studies of box-type shells are typically confined
Yxzs Vyz = transverse shear strains
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to prismatic structures formed from flat plates.’-!° The present pa-
per illustrates a first-order theory of shear-deformable cylindrical
sandwich shells with dissimilar facings. The analysis is based on
the Sanders’ improved first approximation theory.!! Contrary to the
work of Greenberg et al..> who considered sandwich shells with
dissimilar facings using the Reissner shell theory, the present pa-
per incorporates the effect of in-plane shear stress couples on the
in-surface force equilibrium equations, according to the Sanders
theory. Other differences are related to including thermal effects
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Fig. 1 Composite sandwich
9 box: 1, facings, and 2, core.

and explicitly formulating the governing equations in terms of dis-
placements. The latter formulation is necessary for the analysis of
shells consisting of several sections where the continuity conditions
along the junctions have to be satisfied. Note that Hsu et al.'? pre-
sented a thermomechanicalanalysisof shear deformablecylindrical
shells based on the shear-deformable version of the Sanders theory.
However, their analysis was confined to cross-ply symmetrically
laminated shells, whereas the present paper deals with the case of
dissimilar facings where the matrices of coupling and bending stiff-
nesses are fully populated.

Althoughsandwichshell usuallyexperiencesgeometrically small
global deformations so that it may be characterized by one of shear-
deformation theories, local response of the facings should also be
analyzed. This is particularly important if the facings are subject
to local loads as well as in the case of a box-type cross section
considered in this paper where it is necessary to impose appropri-
ate continuity conditions on the individual facings. The facings of
sandwich structures found in typical applications are usually suf-
ficiently thin to justify an application of a geometrically nonlinear
shell theory. Accordingly, the paper presents a formulation for a ge-
ometricallynonlinear analysis of a thin facing, based on the Sanders
theory.!® The supportprovided by the opposite facing and the core is
incorporated by introducing an elastic foundation with the stiffness
determined using the methodology discussed in the paper.

The analysis presented here is concerned with shells subjected to
a combination of mechanical and thermal loads. The influence of
temperature on the material properties has been known for a long
time; mentioned here is the work of Chamis,'* who suggested an
analytical formula that could be used to account for the effects of
temperature and moisture on the material constants of polymeric
matrices. The effect of stress on the coefficient of thermal expan-
sion has also beeninvestigated."” !7 In addition, temperature within
a material was shown to be affected by the local state of stresses; a
review of thermomechanical coupling phenomena mentioned here
can be found in a recent paper of Dunn.'® In the present paper the
approachthat can accountfor the effects of thermomechanicalcou-
pling on the properties and temperatureof facingsand core materials
is outlined. Whereas a detailed analysis will be presented in future
publications, it will be conducted using the methodology suggested
in this paper.

Linear First-Order Shear-Deformation Theory
of Cylindrical Shells

The following formulation is based on the “improved first-
approximation” Sanders shell theory.!" According to this theory,
the equations of motion can be presented as

]VXJ + ]VX)’,)’ - (1/2R)Mxy,y = pﬂu + P1 l//(
]ny,x + Ny,y + (1/2R)Mxy,x + Qy/R = p(l"j + P1 l'/./y
Qx,x + Q)uy

Mx,x + Mxy,y - Qx =pyii + p2l'/./x

—N,/R=pw —p

Mxy,x + My,y - Qy = pr + p2l'/./y (1)

The inertial coefficients on the right-hand sides of Egs. (1) are

hl2

pll,z, 2% }dz 2)

{po, P15 P2} =/
)

where h =h + hy, + h.. Note that the terms underlined in the
first two equations disappear if rotations abouta normal to the shell
surface are neglected.!® These terms are usually disregarded in non-
linear formulations.!* The reason for this simplification is related
to a much higher in-surface stiffness of the shell as compared to its
stiffness in the planes perpendicularto the middle surface.

The kinematic relations corresponding to a first-order shear de-
formation theory read

& =& + 7K, & =u,, & = 8; + 2K,
g =v,+w/R, Yay = Yoy T 22Ky, Yoy =Uy TV
Ky = Wy xs Ye: =W t W, K =V,y
Yy: =Wy, +w, —Vv/R
266y =Yy t Yy T 2RV —uy) 3)

The analysis is based on the assumption that the facings operate
in the state of plane stress, whereas the core can only resist trans-
verse shearing deformations. Normal stresses acting in the core in
the thickness direction are disregarded in the analysis of the sand-
wich global response. Note, however, that the analysis of individual
facings considered in the next section is based on the assumption
that normal forces are transferred between the facings, i.e., the core
serves as a conductor of these forces, possibly participating in re-
sisting deformations. There is no contradictionin these assumptions
because the analysis of a sandwich structure is conducted without
accounting for normal stresses in the thickness direction by either
first-order or higher-order theories. However, the interaction be-
tween individual facings can only be analyzed if the stiffness of the
core in the normal (thickness) directionis incorporatedinto the anal-
ysis. The constitutiverelations are formulated below for a shell with
dissimilar facings by the assumptionthateach facingis formed from
regular symmetrically laminated layers. In practical configurations
a facing consists of 0- and 90-deg layers, and layers are oriented at
angles +0 and —0, with respect to the x axis. The number of +6
and —0 layers is always equal. This implies that A;s = A, =0, al-
though all other elements of the matrices of stiffnesses are present.
In the presence of temperature, the constitutive relations become

]VX All A12 0 B11 Blz B16 8,{\{
N, A, Ay 0 By By By &
]vxy _ 0 0 A66 B16 B26 B66 yx{)y
M, D, Dy, Dy Ky
M, sym Dy, Dy Dy Ky
M., | Dis Dy Des 2Ky

NT

T

Ny

T

_INy

MT

T

My

MT

{ x }= [kSSASS 0 ] { Xz } (4)
0 y 0 kasAuy Vyz
where the stiffnesses are given by

{Aij, Bij, Di;} =/ 0iifl, z, 22} dz, i,j=126

hpy+hypa

A, =/ 9, dz, r=4,5 ®)
he

The shear correction factors k4, and k55 for laminated structures
canbetakenequal to % (Ref.20)or 72/ 12 (Ref.21). The valuesof the
shear correction factors for sandwich structures were investigated
by a number of researchers. Whitney?> considered sandwich pan-
els with unidirectional graphite/epoxy facings and found the shear
correction factors in the planes of orthotropy equal to 0.4098 and
0.6915. However, usually these factors for sandwich structures are
close to unity. For example, Yu? determined these factors by com-
paring the frequencies of infinite sandwich plates obtained by the
theory of elasticity and the first-order theory and found them in the
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range of 0.988-1.00. Note that Greenberg and Stavsky** observed

that the results obtained for cylindrical shells are little affected by

small variations in the values of the shear correction factors.
Thermal terms in Eqs. (4) are

(NI, Ml =/ (Qna + Qnay, + Qrean){l, 2}dz

hyi+hypo

(Qu2o, + Omay, + Oxay){l, z}dz
hft+hy

vyl =|
N, =M =0 ©6)

where the integrationis carried out throughoutthe thickness of both
facings.

The solution must satisfy the boundary conditions along the
curved edges x =0 and L and the continuity conditions along the
straight edges of the sections of the shell. The latter conditions will
be satisfied in the future finite element analysis based on the present
formulation. The former conditions for a simply supported shell
subjected to prescribed axial and shear loads are

x =0, x =1L:

w=M, =y, =0

Ny + (3/2R)M,, = N,, (M

where an overbar indicates an applied load.

Substitutionof the kinematic relations (3) into the constitutivere-
lations (4) and the subsequentsubstitutionof these relationsinto the
equationsof motion yield the set of five linear differentialequations:

(LU} = IO} + (P} (&)

where [L] is the matrix of linear differential operators presented in
Appendix A and {U} is the vector of displacements (and rotations):

U= v w v, ) 9)

On the right-hand side of Eqs. (8), [/] is the matrix of inertial
coefficientsand {P}is the vectorof constantloadingterms, including
thermally induced contributions given by

pp 0 0 p O

0 pp 0 0 p
[I[1=]10 0 py O O
p 0 0 pp O

O po 0 0 p

NI+ NI —2R)M],

XY,y

NI +N! +(1/2R)M,

Xy, x Xy, x

Py = -p—N]/R (10)
T T
Mx,x + Mxy,y
T T
Mx,v,x + M)uy

Note that in the present problem N =M, =0 and the vector {P}
is simplified accordingly.
Boundary conditions (7) become

x =0, x =L: w=y, =0

0 D16 0 Dl(, 0 0
Bi—+|Bg——)—lu+|Bs+—)—+Bpr—
0x 2R Joy 2R Jox oy

B, 0 0
+—w+ | Djy— + Dig— )y,
R ox oy

+ (D2 + D2 =M
lﬁax 1zay Yy, =M,

+Da+Da +Da+Da =N
lﬁax 6()ay Yy 6()ax 26ay Yy = Nyy

(1

The simplifications for plane sections of the shell (R =o0) are
straightforward.

Nonlinear Local Deformations of Thin Facings

As already indicated, the facings are assumed thin and in the state
of plane stress. If a nonlinear problem is considered employing the
coordinate system of the deformed middle surface, the equilibrium
equations coincide with those of the linear shell theory.!* Accord-
ingly, Egs. (1) are applicable in the nonlinear analysis. However,
following the approach of Simitses et al.,' the underlined terms
in the first two equations are omitted, i.e., the rotations about the
normal to the middle surface are disregarded. The third equilib-
rium equation should be modified by incorporating the reaction of a
nonlinear elastic foundation. The elastic foundation introduces the
stiffness of the opposite facing into the analysis. If the core can be
assumed infinitely stiff, as is often the case where the core is metal-
lic, it only transfers normal forces between the facings. However,
if the core is made of foam or honeycomb, its stiffness will affect
the parameters of the equivalentelastic foundation. In this case the
compliance of the opposite facing should be added to that of the
core by assuming that they work in series. Note that extensive work
on the characterization of effective core properties was referred to
in the review of Noor et al.®

The evaluation of the stiffness of the elastic foundation can be
carried out by considering the opposite facing with or without the
coreas an independentshell subjectedto alocalnormal concentrated
force. This analysis can be conducted using the approach presented
in this section, without accounting for an elastic foundation. Note
that the stiffness determined as a result of the analysis will be a
function of the coordinates x and y. The fact that cylindrical shells
and flat plates are characterized by a quadratic-cubic nonlinearity
(see Appendix B) enablesus to assume the reactionof the foundation
in the form

F(x,y) =kw + kow? + kyw? (12)
where the coefficients k;(x, y) should be obtained analytically (for
example, the Rayleigh-Ritz method could be used to solve this
problem), experimentally, or from the finite element analysis.

The three equations of motion, obtained from Egs. (1), according
to Sanders,'? become

NX»X + NX»y = Pfu

Ny + Nyy = (Ny/RYW/R —w ) + (Noy/ R)w
T (U R)Y(Myy x + My ) = py

(Neow ) o = [N/ R=w )]+ (Nyw,), = [N,w/R=w )],
“NJRFM, o +2Myy o + M,

=kw + kw? +kw? —p+ pyw (13)
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The solution of these equations should satisfy the boundary con-
ditions along x =0 and L, corresponding to a simply supported
facing loaded by axial and shear loadings:

x =1L:

x =0, w=M,=0

N, = ]\7,(, ]ny + %(Mxy/R) = ]ny (Mxy =0 (14)
The strain-displacementrelationships for a thin shell can be de-
rived from the general nonlinear theory.”> Following the assump-
tions that the strains remain small, rotations about in-plane axes are
moderate, whereas the rotations about the normal to the surface are

negligible; these relationships are reduced to the form
& =&, + 7K, g, = 8; + 7K,

— 0
y yxy - yxy + ZK:(y

o __ 1.2 o __ 1 _ 2
& =u,+owl, & =V, +w/R+;(v/R—-w,)

Y =yt v+ w (w,—V/R), K = =W

K =Vy/R—w,, Koy = =W,y +V /2R (15)
where z is the distance from the middle surface of the facing. Note
that Egs. (15) were also presented by Sanders."?

The constitutiverelations have to be modified to account for the
symmetry of the facing. Introducingthe stiffness matrices calculated
using the middle surface of the multilayer facing as a reference
surface, these relations become

N, Ay Ay O &
N, An Ap 0 0 &
]vxy — 0 0 A66 yxoy
M, Dy, Dy, 0 Ky
My 0 D12 D22 0 K'y
MV)’ | 0 0 D(,(, 2](:\,),

NT

T

Ny

0

-4 (16)

T

My

0

A thermal gradientin the thickness direction results in a nonuni-
form degradation of material properties. In this case the symmetry
about the middle surface of the facing is violated, and Egs. (16)
have to be replaced with a more complicated version accounting for
coupling.

Now the equations of motion can be written in terms of displace-
ments:

Ni(u,v,w) = pgii + N,

Ny(u, v, w) = psi + N' + (1/RyMT

¥,y ¥,y

Na(u,v,w) =ppw + M+ M —(NI/R)+kw

x,xx y.yy
+kow? +ksw? —p (17)

where N;(u,v,w) are nonlinear differential operators given in
Appendix B, and the thermal contributions are calculated using
equations similar to Eqs. (6) where the integration is performed
over the thickness of the facing under consideration and z is the
distance from the middle surface of this facing.

Thermomechanical Coupling

at the Micromechanical Level
The solution methodology that should be implemented for the
analysis of a structure subjected to thermomechanicalloading is re-
flected in Fig. 2. Link 1 reflects the effect of temperature and stress
on the material properties, link 2 accounts for the effect of stress

Loads, mechanical
and thermal

Heat Transfer |‘ 3

A
3 3
Stress Problem
A ]
4 2 3
3 \ \
Temperature in 1
structure (local) 4 11
A
5 v

Properties

Fig.2 Mutualinteraction of elements of a thermomechanical problem.
If the problem is adiabatic, heat transfer and the corresponding links
are absent.

on temperature within the material, and links 3 and 4 are related
to the macromechanical problems of heat transfer (3) and to the
stress problem (4). Link 5 reflects both macromechanicalas well as
micromechanical phenomena related to the effect of material prop-
ertieson a temperaturedistribution. An appropriatemicromechanics
block is not explicitly shown in Fig. 2, although it is implicitly in-
cluded in the bullet Properties. As follows from Fig. 2, the problem
of thermomechanicalstressesis inheritantlynonlinear,and coupling
is present at all phases of the solution. This means that the solution
should be iterative,including adjustments of the propertiesand tem-
perature at each step and consequentreevaluation of the stresses.
Inthis sectionthe effects of stresson temperatureand theinfluence
of temperature and stress on the composite material properties are
briefly discussed,i.e.,links 1 and 2 and 5 (micromechanics) in Fig. 2.
In particular, an increase in temperature of an isotropic material
subjectedto a multidimensionalstress field was derivedin the form'®

T v 0FE 1ov
Gt |—— — —— )5 |As
pCos E?9T EoT

:
’ 1+voE 10

- S (s = o )auan (18)
< \E* oT EaT

Note that Eq. (18) corresponds to adiabatic conditions, where heat
transfer may be disregarded.

Equation (18) can be applied to the materials of the fibers and the
matrix. However, the modulus of elasticity and the Poisson ratio of
the fibers are often insensitiveto moderate variations of temperature.
In this case Eq. (18) for the fibers is simplified:

AT = —

AT, = —(T/p;CHa] As (19)

Environmental effects on the properties of polymeric matrices
have been investigatedby Chamis and his collaborators.* In partic-
ular, the modulus of elasticity of the matrix can be calculated by

T, —T ?
Em = Em() EW—) (20)
(Tgo -Tp

where Tj is a reference temperature and £, is the modulus of elas-
ticity in the absence of degradation.The Poissonratio of a polymeric
matrix is usually not affected appreciably by temperature and can be
assumed constant. A derivative of the matrix modulus of elasticity
with respect to temperature follows from Eq. (20):

aEm _ Em()
- - T
or 2(Tyy — T)(Tyo — Ty)12

2D

Equation(21) canbe substitutedinto Eq. (18), yieldingthe change
of temperaturein the matrix, i.e., AT,,. Now the change of the layer
temperature can be calculated by'®

prfchTf + Vmme:ATm
prfCi + V,,,meg’

AT,q = (22)
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Whereas the solution given by Eq. (22) accounts for the changes
of temperature caused by a thermomechanical coupling, the other
result of this coupling is the change of the material properties. In
particular, the coefficient of thermal expansion of an isotropic ma-
terial is affected by the stresses and temperature as is shown in the
term in the brackets on the right side of Eq. (18). Accordingly, the
adiabatic analysis of a shell subjected to a dynamic loading can be
conducted as follows:

1) At each time instant the stresses are evaluated using the prop-
erties of the material obtained at the preceding time interval. The
new values of stresses are used to update the values of the coeffi-
cients of thermal expansion of the fibers and the matrix throughout
the material. Simultaneously, the modulus of elasticity of the matrix
is adjusted according to Eq. (20). The shear modulus should also
be adjusted using a similar equation. The updated properties of the
composite material can be used in an appropriate micromechanical
theory to update the engineering constants of the composite mate-
rial. Note that these constants may be nonuniform throughout the
material, as a result of a nonuniform temperature distribution. Even
if temperature is uniform, the coefficients of thermal expansion will
be affected by local stresses, so that they will vary throughout the
material.

2) The temperature increase caused by thermomechanical cou-
pling can be calculatedusing Eqgs. (18), (19), and (22), although this
increase may prove negligible in practical applications.

3) The stresses at the end of the time interval can be reevaluated
using the macromechanical solution and the adjusted material con-
stants. Note that the variations of the material properties with time
imply that these properties depend on the coordinates. This would
result in a very complicated formulation. Therefore, continuously
varying properties dependent on the coordinates can be replaced
with a section-wise instantaneously constant-averaged properties
so that the macromechanical equations introducedin the preceding
sectionsremain valid. Then the process is repeated for the next time
interval, etc.

Conclusions

The paper presents an outline of a comprehensive analysis of
sandwich box-type shell structures subjected to a combination of
mechanical and thermal loads. The first part of the paper deals with
the global deformation and stress problem for a sandwich with dis-
similar facings using a shear-deformable version of Sanders’s shell
theory. Subsequently, governing equations for nonlinear deforma-
tions of a facing are considered using the nonlinear Sanders shell
theory. The supportof the oppositefacingand the coreis represented
by a nonlinear elastic foundation. The final part of the paper sug-
gests an approach that can be used to incorporate thermomechanical
coupling and its effect on the material properties and temperature
in adiabatic problems.

Appendix A: Elements of the Matrix of Linear
Differential Operators [L] in Equations (8)

L11=A11—2__ + A6 —— + 2 )32
0x R 0x0y R 4R? Joy

22 D\ 22 Dgs \ 22
Ly=Biz+ 2B~ % )=+ \Bes — 535 )z
ox 2R )Joxoy 2R Joy

02 Degg 92 Dy 02
Lis=Bisz= +t Bt Bss — -5 )Jz=-t (B — 55 )5
0x 2R Joxoy 2R Joy

B D 92 By 9 92 kyuA
L22 — A 66 + 66 +£ + 444144
0x? R oxo0y oy? R?

By 0 Agp +kiyAy 0
n=g0o—t ———

2R? ox R dy
D\ 92 Des\ 02 32
Lyy =B+ — |— + (B> + Beg + — |—— + Byy—
2R Jox? 2R Joxoy oy?

ks A D 9?2 D 02 02
L25=%+(B66+l)7+(2B26+ 26) +B

2R )3 2R Joxay  Poy?
Ly =—Ly, Ly =—Ly
Ly = —2 + kssAssi + k44A44i
R? ox?2 oy?
Ly = (kssAss - %)a% - %aiy
Lis = —%a% + (k44A44 - %):—y
Ly =Ly, Ly = Ly, Ly =-Ly
92 92 9?2
Ly = —kssAss + Dllﬁ + 2Dy %0y + D()()a_yz
52 2 52
Lys = Dmﬁ + (D + Dl(’)axay + D26a_yz
Ls; = Lys, Ls; = Lys, Lsy = —Lss, Lsy = Lys
9?2 9?2 9?2
Lss = —ky Ay + D()()ﬁ + 2Dy %0y + Dzza—y2

Appendix B: Nonlinear Functions in Equations (17)

Ni(u,v,w) = N/(u,v,w) + N/'(u,v,w) + N/ (u, v, w)

where N/, N/, and N!” are linear, quadratic, and cubic functions,
respectively:

A12
N{(u, v, W) = Allu,xx + A(,(,Myyy + (A12 + A66)V7/()7 + TWYX

T
N} =(A, + A PRI Ay + 20
2(”, v, W) (A, 66)”,xy R? v 66 V xx

R2
D Ay — N7
+ (A22 + R—zzz)vyyy J N

Dy, + 2Dgg Dy,
—_——— Wy — —
R R

A A w
Né(u, v, W) = —%ILX - i (V,y + _) - Dllw,xxxx

— (D, + 2Ds¢g) (2W,xxyy -

v
st [ (e -5)]

N (u, v, w) = (AW o + AgeW y W o + (A + Age)W Wy

1 A,
— E[(Alz + Age)VW oy + Ay w , + Agv w ]+ FV\{X

NY ~L(a Az A
2(ua v, W) - E 12u,xw,y - Tu,xv + 66u,yw,x

+ (A + Age)Ww Wy + Apw Wy,

An Ass An w
FAG e W T W T T W g )Y
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Né/(u, v, w) = {[Allu,x + App (V,y + %)]W,x }

v
+ [A()()(u,y + V,x) (W,y - E)] + [A()()(u,y + V,x)w,x],y

Ao oD -2))

2
1 (v v 1,
+ A22 5 E - EWJ, + Ewyy
N/(u,v,w) =0

A
NY'(u, v, w) = {(f + A“)wi
1 (v g v 1, v\ 1

Ao \R) TR\ TR R
N(u, v, w) = ﬂw2+A liz_iw +1W2
3 2 - 2 X 12 2\R R sy 2 Ly WX

v\ v
nflf =] <621

X

Ap 1Y v I, v
1= +an|=l=) —=w,+=w2 | Hw, - =
2 2 \R R 2 R
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